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Introduction
Spectral invariants as functionals on the collection of the Schrödinger operator with periodic potential appear in a natural way in investigations of the direct and inverse problems for these operators. Most interesting are functionals defined in terms of polynomials of a potential and finite number of its derivatives. We will call them polynomial spectral invariants. The most known collection of such functionals are the Minakshisundaram-Pleijel coefficients as a collection of the coefficients of the complete asymptotic expansion of the trace of the fùndamental solution for the parabolic équa-tion associated with the Schrödinger operator. In the same way, the MinakshisundaramPleijel coefficients can be introduced for the Schrödinger operator on smooth compact manifolds [30] .
It turns out that even if a manifold is a circle, the theory of spectral invariants for the 1-D Schrödinger operator with periodic potential (the Hill operator) is not trivial. First of ail, this is because the Minakshisundaram-Pleijel coefficients are the motion intégrais of the Korteweg-de Vries (KdV) équation u t = Suu x -u xxx (see [11] , [34] ) and, as a resuit, have some additional algebraic properties. In particular, they are solutions of some moment problems on the real axis. The KdV équation pré-sents the first nontrivial case of continuous isospectral déformations for the Hill operator. Other isospectral déformations for the Hill operator are related to the high order KdV équations and their linear combinations. If a potential is an almost periodic fonction, then the theory of spectral invariants becomes much more complicated, however some results can be proven in this case, too.
Spectral invariants for the multi-dimensional Schrödinger operator with periodic potential is a subject of Lecture 2. Some new effects Iike spectral rigidity appear, but as comparée! to the one-dimensional case the gênerai situation is far from the end. Essential part of results are stated for analytic potentials only No classification is known yet for potentials which permit continuous isospectral déformations. One of the interesting results is a connection of the spectrum of the periodic multi-dimensional Schrödinger operator with the spectrum of a collection of the Hill operators whose potentials are obtained from the potential by averaging over a famîly of closed geodesie on a torus. Some open problems are formulated. Let u(x) be an infinitely differentiable function with the period one, i.e., u(x + 1) = u(x). The Hill operator is the Schrödinger operator with the periodic potential u(x):
In the space I 2 (-oo,oo), this operator is selfajoint and bounded from below, its spectrum is absolutely continuous, has multiplicity two and is the union of intervals
<T(H) =
divided by the gaps (A2fc+i,A2it+2)> k = 0,1,2,... For some potentials, the number of the gaps is finite. For example, if u = W^+1? PU) with P(x) the Weierstrass function, then the spectrum of this operator has exactly n gaps. For the potential u = cos 2nx, "all" the gaps are open.
In the space L 2 [0,2], consider another operator H per defined by H y = -^jjjf + u(x)y with the periodic boundary conditions y(0) = y(2), y(Q) = y' (2) . Whatis a relation between <r(H) and <r (H per 
The function A ( A, w) is an entire function of order \ and the function A 2 ( A, w) -1 may be expressed as a canonical product formed by the roots A*,fc = 1,2,... :
where the constant c is known. The proof follows from (1), (2) , (3) and (4).
The meaning of this Lemma is very simple: if we know the spectrum H we can find Hper and vice versa. For details of the proof and other information on the spectral theory of the Hill operator see [25] , [26] , [27] , [28] , [45] . 
The union of the eigenvalues of the periodic (9 = 0) and antiperiodic (0 = n) spectral problems is exactly the collection {A^fc = 1,2,...}. If the spectrum a(He 1 ) is known, then one can find the discriminant A(A,u) and, as a resuit, any spectrum a{Hg),0 € (0,7T].
Spectral invariants for the Hill operator.
Let us introducé 
A description of the fundamenîal series of spectral invariants for the HUI operator
The counting number for discrete series of spectral invariants for the Hill operator can be introduced using the generalized Jacobi formula e(t,u) = J2 e n (t,u).
Here & n (t,u) has the form f 1 1 / n 2 \ ®n(t,u)= ƒ e(t,x,x+ n)dx = -==exp [--)F n (t,u). ii) Let tp(z, u) be the "comb-like" comformal mapping from (6). The function ty(z,u) has the représentation f°° dcr(t) tl*(z,u) =z+ ,
where the measure da(t) has the form da(t) = £ lm ip(t) dt (see [27] ). The séquence {I n }n=i coincides with the coefficients of the asymptotic expansion
B=0
By the Hamburger-Nevanlinna theorem (see [11) and (10), the coefficients I n are a solution to the moment problem on the whole line:
A critenon for the collection {J n }£=o to be a complete system.
Finite gap potentials are not résonance: the periodic spectrum can be recovered from the collection {J n }n=o * n a unique way. The same statement is true for real analytic potentials. Let {m n } £Lj be a fixed séquence of positive numbers. We assume with no loss of generalitythat {/n"}* =1 grows faster than any power of «and the séquence {In m"}~= 1 is convex with respect to n. Remark. -The global geometry of the isospectral torus. Global geometry properties of isospectral sets M corresponding to infinité gap potentials are considered in [29] . By the tangent space T u at the point u we mean the closed span in I? 
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The following assertion holds: 2) theclassC(m n ) isquasianalytic.
It follows from Theorem 1.9 and 1.11 that the conjecture is true for every quasianalytic class C{m n ).
The KdV équation and isospectral déformations,
One of the problems of the spectral geometry related to the Schrödinger operator on a manifold is an analysis of the set of operators having the same spectrum. Even in the case if the manifold is a circle, we have a nontrivial problem. We are interested in a construction of a continuous collection of operators To prove this theorem, we use the Lax représentation of the KdV équation and formulate the following genera! lemma.
LEMMA 1.13 ([22],[23]). -Let H(t) and A(t) be collections ofselfajoint and skewselfajoint operators in a Hubert space respectively:
f/(r) = #*(*), A{t) = -A*(t).
Suppose that they satisfy the équation
4~H(t) = [A(t),H(t)] = A(t)H(t) -H(t)A{t). (16) a t Then there exists a unique collection ofunitary operators U(t) ,t € (0,oo), which present H(t) intheform U*(t)H(0)U(t) (17) and consequentlyH( t) is an isospectral déformation of the operator H(0).
To All these higher order KdV équations also admit Lax représentation with a common operator H(t) = -^ + u(x,t) and an appropriate skew-adjoint operator A n (t) :
A more genera! case
fe dx5u where c k ,k = 2,3,... ,N are arbitrary constant, can also be considered. As a resuit, a rich collection of isospectral déformations of the Hill operator can be constructed using the spectral invariants 4, A; = 2,3,4,... The potentials of these isospectral operators are solutions of some partial differential équations (formulas (22) and (23)). ii) Rotation number [15] . Let u(x) be an a.p. function of the class C°° (R), Iet ess{\ :y(A)=0}.
Spectral invariants.
i) The rotation number, the integrated density ofstates N(\) and Lyapunov exponent y ( A) are spectral invariants of the Schrödinger operator. 
The mean of the Green functions is related to the rotation number by
w(z,u) = E x G(x,x,z),(30)
where d <r(t) = y(t)d t. Hence the problem of unique recovery of the rotation number w(z,u) from the set {I n }(? is equivalentto theproblem of unique solvabilitéofthis moment problem in the class ofabsolutely continuous measures with the Lyapunov exponents as the densities.
ii) The problem of unique recovery of the rotation number w(z,u) from the collection {In)oLet us formulate a criterion for recovery the rotation number in terms of the growth of the séquence {ƒ"}£*.
Let {m n } * =1 be a fixed séquence of positive numbers as in the periodic case, i.e., we assume that {m"}" =1 grows faster than any power of n and the séquence {In m n }^i is convex with respect to n. Define the standard object of theory of quasianalytic classes, the function r n T(r,m n ) =sup . Hence, in the gênerai case the spectral invariants {I n }™ =0 do notform a complete collection of spectral invariants ofthe Schrödinger operator H.
In the set of a.p. functions of the class C"(R)

CoROLLARYl.17. -On the basis ofthe collection {I H }Q in the classes Q({m n }) and Cl({m n },M), the spectrum a(H) and the absolutely continuons spectrum (T ac (H) ofthe operator H osa closed subset ofR can be uniquely recovered if and only if the integralfrom (31 ) is divergent
Sketch of the proof -Let U\ and « 2 be two potentials which have the same collection of the functionals {/"}£=! ( /"(«i) = / w (u 2 ),« = 0,1,2,... ). We get that for In other words, is the collection of functionals w(z,u),z e Q. , a complete system of spectral invariants in the class of the Schrödinger operators with almost periodic potentials?
2) To construct the Schrödinger operator with an almost periodic potential and pure point spectrum. To study its spectral invariants and the isospectral déformations.
Spectral invariants for the Schrödinger operator with periodic
potential: multi-dimensional case
Spectral theory. The Bette-Sommerfeld conjecture
Consider an n-dimensional lattice L in R n and an infinitely differentiable potential V{x) on R n saösfying the periodicity condition
For such potentials one has the eigenvalue problems parameterized by k € R n ,
The eigenvalues of (32) In the physics literature, <r F (H) and the collection A,-(fc),f = 1,2,... are known as the Bloch spectrum and the band fonctions. The Floquet spectrum a F (H) is an overdetermined system. The collection {A,(O),z = 1,2,...} {k = 0) corresponds to the periodic spectrum, a (Ho) is the spectrum of the operator H on the torus R n /L. We dénote this spectrum by <TQ(H).
Let <T(H) be the spectrum of the Schrödinger operator H
It is known (see [42] ) that H is the direct sum of the operators Hk and, as a resuit,
keR n /L* where I* is the lattice dual to L. Using (33) it can be proven (see, for example, [42] ) that the spectrum cr(H) is absolutely continuous and, as in the one-dimensional case, is the union of intervals divided by gaps.
Bette and Sommerfeld conjectured that in the multi-dîmensional case the spectrum a (H) contains onïyfinite numberofgaps, i.e.
N-l i=l
This conjecture was proven in [43] with some restrictions on L and in 147] for the gênerai case(seealso [20] 
a) A functional Q(u) is called theFloquet spectral invariant ofH if Q(u) has the following property:
a F (H x ) « a F (H 2 ) => Q(ii,) = Q(u 2 ); b) A functional Q(u)
is called a spectral invariant ofperiodic problem ifQ(u) has the following property:
ab(Hi) = (T 0 (H 2 ) =» Q(ui) = Q(u 2 ).
1) Complete collections ofthe Floquet spectral invariants.
In this subsection the main results are proven without restriction on the lattice L. Let e( t,x,y) be a fondamental solution of the heat équation de/ dt = H e on R n . Dénote 
R n lL
Using the trace formula for the heat équation we obtain The distribution T\(s) is defined as an analytic extension of the function s$IT(\ +1) for ReA > 0. The séquence {of£}* =1 is a séquence ofuniversal constants which do not depend upon V.
Remark. -The structure of the coefficients {l£}o has been studied sufficiently well in the one-dimensional case (see Lecture 1) . Here the main series {IJ*}Q coincides with the polynomial series of the first intégrais I n of the KdV équation while the remaining coefficients {!*}%$ * 0, are linear combinations of the main series {•/£}* ( Theorem 1.7 ). Whether the higher coefficients {ig}$ for n ^ 2 reduce to the coefficients of the main series {1% }$ is unknown. We suppose that they do not.
2.2*3. Explicit expressions for the polynomial Floquet spectral invariants.
Using (35) Proof (see [32] ) is based on the following formula:
To prove this formula we note that according to (35) In the class of separable potentials the Hoquet spectrum of the Hill operators h yt y € $ détermines the Floquet spectrum api-A + V). In gênerai case it is not true. It follows from THEOREM 2.14 ( (7] (37) . It is sufficient to prove that each term of the sum can be recovered from E(t). The detailed analysis of the analytic wave front set of the fondamental solution E(s,x,y) of a hyperbolic problem shows that E(s,x,y) is a realanalytic function on the complement of{(t,x,y) : \x -y\ = |r|} and, as a conséquence, the function Ed(t) vanishes for \t\ < \d\ and is a real analytic function for \t\ > \d\. 
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The condition (43) coincides in dimension two with a generally less restrictive condition that the only isometries oïR n IL are the compositions of translations with ± J. Nevertheless, it is surprising that THEOREM 2. 21 ([141, [13] ). -There exist a lattice L\ c R* such that the only isometries ofR n /L\ are the compositions of translations with ±1 and real analytic potentials u\ and u 2 onR*/L\ such that
The tori B 4 /Ii were first constructed by J.H. Conway and NJJ\. Sloane 12] in the construction of flat tori in dimension four which are isospectral but not isometric.
2*3. Spectral rigidity theorem
Consider spectral invariants of the Schrödinger operator on the torus with coupling constant by potential. The operator ƒƒ(/?) =-A + /JV00 is defined on the space L 2 ([-fli,ai] x [-02^2])-The ftinction V0c lf jc 2 ) is a periodic function with respect to the variable x\ with the period 2a\ and to the variable x 2 with the period 2a 2 ) {Afc(/?)}£Lj is the periodic spectrum of the operator H(p). We consider the problem of unique recovery of the potential V(x\,x 2 ) from the set {A*(0)} ^,,0 ^ 0, and solve this problem in the class of even functions with respect to X\ and x 2 . The set {Ajb(£)} JJLj^ ^ 0, is overdetermined. Hence, instead of this set we consider the expansion 2 3 ...,^ i 0.
The constants {/*(/))},£ = 1,2,3.... are spectral invariants of the operator H(p),f} > 0. Let us suppose that we know the first three coefficients of this expansion. What partial information about the potential can we get? We prove 
To prove that for any periodic C 00 potentials different from a directional potential V$ ( 5 -x) the only Hoquet isospectral potential have the form V ( ±x + a), where a e R n .
Complete Systems.
To give a criterion for the collection of {/^,n = 1,2,... ,d e 1} to be a complete system of Floquet spectral invariants. We suppose that a criterion similar to the onedimensional case can be proven: the collection {l£>n = 1,2,... ,d e 1} can be a complete system of Hoquet spectral invariants in quasianalytic classes only.
3. Let E(t,x,y) be a fundamental solution for the hyperbolic équation associated with -A + V(x). Let V belong to the Carleman class C{m n ,R n IL). Is E(t,x t y) from the sameCarlemanclassC(m w , J R n /L) on the complement of {(t,x,y) : |jc-y| = r}?Wehave a conjecture that it is true in the quasianalytic classes. Then the arguments of Theorem 2.17 could be used for quasianalytic potentials, i.e., the periodic spectrum cr o (if) will détermine the Floquet spectrum <Tp (H).
The moment problem.
Let L be an orthogonal lattice in R 2 and V be a separable periodic potential V(x\ >X\ ) = V\ (x\ ) + V 2 (x 2 ). Then the coefficients ij have the représentation
Pn(t,s)d(T(t,s),
where P n (t,s) = $3^ and the function w(z) = / /
is the generating function for the collection ij. Formulas (46) and (48) are similar to (11) and (9 ) for the Hill operator.
It would be interesting to find a représentation similar to (46) and its generating ftinction (48) for gênerai periodic potentials. 
